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1. Consider the function 
’ Y(z) = 1 - eZ - 
s 
e-zx K(s) ds, (1.1) 
-1 
where K E.&( - 1, 1). Anselone and Bueckner [I, see Theorem 41 have 
shown that v(t) = ezt satisfies the difference-integral equation 
p)(t) - y(t + 1) = 1’ K(s) v(t - 4 ds, O<t<y 
-1 
if and only if z is a zero of Y(Z). They showed that Y(Z) had one and only 
one zero near each zero of 
F(x) = 1 - ea 
for r = 1 x 1 large and only a finite number of other zeros for which 
x > - d (a = x + ir) for each fixed d. Further they conjectured that the 
number of zeros of Y(Z) other than those near the zeros of F(z) is finite if and 
only if K(S) = 0 for 0 < s < 1 except in a set of measure zero. In this 
paper I establish the truth of this conjecture, and some further results about 
the zeros of Y(Z). 
2. In 1925 Titchmarsh [2] obtained a number of results about the zeros 
of the function 
H(z) = 11 ezs K(s) ds (2.1) 
on the hypothesis that for every OL, @ such that a < (II < ,B < b 
I a 1 K(s) 1 ds > 0, j-i 1 K(s) 1 ds > 0. (2.2) 
a 
If K(s) # 0 on a subset of 0 < s < 1 of positive measure we may write 
Y(z) =F(z) - H(- z) (2.3) 
341 
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where a > - 1 and 0 < b < 1. Since, as Titchmarsh pointed out, 
where 
H@) = +(b -a) e(a+b)+ s ’ eC8 K,(s) d  , (2.4) -1 
5 =ij(b-u)x, K,(s) = K(Q (a + 4 + 8 (b - 4 4, 
we may state two lemmas of Titchmarsh as follows: 
LEMMA A. As r + 03 
) e-‘a+b)“/2 H(2) 1 = O(e(b-a)@lcosW), 2 = r&e , 
uniformly with respect to 8. 
LEMMA B. As~-+co 
1 e-(a+b)zP H(z) 1 # (‘j(e(b-a)z/aUcos 01-d)), 6 > 0, 
for any 0, or 8. 
Together these give 
limsuplog’H(re’B)=$(Ir-u))cosO] +l(u+b)cos0 
,-UC 7 2 
= max (u cos 8, b cos 0). (2.4 I 
It follows from (2.3) that if - 1 < a < b < 1, b > 0, 
h(0) = lim sup log ’ “(re’e) ’ = max (- b cos 8, cos f?), 
r 
(2.5) 
and by Lemma A for each fixed A 
I y(x + ti> I = O(l), 1% I <A, (2.6) 
as ]yj+m. 
3. The methods used by Titchmarsh would, I think, be sufficient to 
deduce the results we require from (2.5) and (2.6), but they follow at once 
from a result which I obtained [3; 4, see Theorem 55, p. 871 in response to 
Titchmarsh’s suggestion that I should generalize his results on the zeros of 
H(x) to functions satisfying (2.5). In fact a supplementary condition, 
viz. (3.1) comparable to (2.7), is needed. 
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LEMMA C. If U( ) z is an entire function of order 1 and mean type such that 
s m 1 {log+ / Y(iy) 1 + log+ 1 Y(-- ;?I) I> $ < 05, (3.1) 
then 
(i) there exist A,, A, such that 
h(B) = max (A, cos 0, A, cos e), - m < A, < A, < a, 
(ii) Z j cos en i/m is conwergent, where r,eie,, n = 1,2, *a* are the zeros 
of Y(x) for which r, > 0, 
(iii) n(r) cu (A, - A,) / r rr as r--f a, where n(r) is the number of zeros of 
Y(z) for which j z 1 < r. 
By (2.6) we have A, = - b, A, = 1, and by (2.7) condition (3.1) holds. 
Hence 
n(r) CC (1 + b) r/rr. (3.2) 
Let q(r) be the zeros of Y(s) near those of 1 - eZ. Then as r -+ 00 
W m r/r, 
and so, since b > 0, there are in addition 
zeros of Y(Z). 
n(r) - nl(r) Lo br/rr -+ 03 
Further it follows from (ii) that for every 6 > 0 the numbers of zeros 
[4, see 5 6.221 of Y(Z) for which 1 z 1 < r, and 
Irr-argzl <&r-S 
is at most o(r) as Y -+ m. Summing up these results we have 
THEOREM. If K(s) # 0 in a set of positive measure for which 0 < s < 1, 
then for every 6 > 0 the number n(r, 6, A) of zeros of Y(z) for which 
Rex<-A, and+n<argz<&4rr+8 or $rr-8<arg<Qn, satisjes 
as I---+“. 
n(r) - q(r) cu n(r, 6, A) cu br/a (3.2) 
4. If K(s) is real the zeros of Y(Z) are conjugate complex numbers. In 
the general case also the zeros are more or less evenly distributed between 
the upper and lower half-planes. For it follows from (2.6) that 
Q {log ( Y( - x) ( + log ( ‘y(x) I> < Q (1 + b + ES) x, (4.1) 
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where ~~‘0 as x-+m and 
I 
x log 1 Y(re@) 1 sin Bd8 = O(Y) = o(r log Y). (4.2) 
0 
Suppose that 
n+(Y) > (c - ET) Y (4.3) 
where n+(r) denotes the number of zeros for which ( I 1 < Y in the upper 
half-plane. By (3.2) for every 6 > 0 the number of zeros for which 
sin 0, < cos 6 counted in n+(r) is O(Y), and so it follows from (4.3) that 
2 + sin f& >, (n+(r) - O(Y)) cos 6 >, (c - 4r - b(S)) I, (4.4) 
+9&c 
where x+ denotes summation over the zeros in the upper half-plane cp --f 0 
as r + 00, and c(6) + 0 as 6 + 0. Since Y is not identically zero, according 
to a generalization of Carlson’s theorem due to F. and R. Nevanlinna [4, Theo- 
rem 27, p. 401, (4.1), (4.2), and (4.3) imply that TX < * (1 + b). Hence n+(r) 
cannot be substantially greater than half n(r) for all large Y. 
5. More detailed information about the zeros of H(x) under more restric- 
tive conditions on K(s) have been obtained by various authors [5-71, and their 
results are based on asymptotic expressions for H(z) and methods which 
can in most cases be adapted easily to give corresponding results about the 
zeros of P(Z). Anselone and Boas [S] have considered further the zeros of Y(z) 
under special conditions on K(s) which are slightly different from any of 
those considered previously. 
In 1904 Hardy [5] considered the zeros of 
and his method of locating the zeros can be applied whenever a sufficiently 
accurate asymptotic expression is available. It is more or less equivalent to 
the methods of Anselone and Bueckner, and Anselone and Boas. By a further 
result of Hardy, included in [6, see Theorem VI], or by direct application 
of his method, it follows that if K(s) is an integral, and K(a) # 0, K(6) # 0, 
b > 0, then 
H(z) = $f? (1 + c,) - KF (1 + l ,.), 
where E,. + 0 as Y = 1 x 1 + 00. Hence at a zero x = x + ij~ = yeis of 
Y(2) = 1 - e “-H(-z), forwhichx<--d<O, 
KU’) f-g (1 + l ,) = 1 + l r l 
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Hence 
cbz = j&j (1 + 4, 
and equating moduli and then dividing by moduli, we have 
--bx=logr-log~K(b)~ +c,, 
- by = 2mr + 0 - arg K(b) + E, , 
where n is an integer. It follows by the methods of Hardy that for each suffi- 
ciently large integer n, Y(Z) has one and only one zero Z, such that 
bz, = - log 1 n 1 + 2nn-i + log K(b) + E, , (5.1) 
where •~ --+ 0 as n -+ 03. 
6. I also discussed [6] the zeros of H(z) for the case a = - 1, b = 1, 
K( - 1) = K( 1) = 1 when K(s) is of bounded variation and when K(s) 
has modulus of continuity w(S). The corresponding general case in which 
Q) # 0, K(b) # 0 can be reduced to this form. In each case the asymptotic 
expression obtained for H(x), although valid for all large 1 z I, gave a dominant 
term only in certain subdomains of the right and left half-planes, and in all 
the cases which I considered the dominant terms were symmetric with 
respect to the imaginary axis. Applying the method to Y(z) when K(s) is of 
bounded variation and K(b) # 0, b > 0, we have 
zfl(z) = ebZ(l + e(6) + O(er(1-8)), x = x + iy, (6-l) 
where e(6) --f 0 as 6 + 0. If z = x + iy = reie is a zero of Y(Z) for which 
x < - d < 0 we know that x --+ - M as Y -+ ~0, and so near these zeros (6.1) 
gives 
zH(z) = ebz(l + cr), (6.2) 
where er --t 0 as Y -+ ~0, and the method of Section 5 can be applied to give 
(5.1). On the other hand if K(s) h as modulus of continuity w(6), (6.2) only 
holds if I x 1 = O(YOJ(~/Y)), and since the zeros of the dominant terms of 
Y(z), viz., 
1 - ez _ z-le-bz 
do not lie in this region unless w( I/Y) = o(r-r log Y), the zeros cannot be 
located individually as in Section 5, but the general method used in [6] gives 
49 = (1 + b) $ + 0 (Yw (k)) . 
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7. In a further paper [7] I discussed cases in which 
K(s) cu (1 - s)O (1 + s)@ 
as s + f 1, and K(s) satisfies certain Lipschitz conditions. The details are 
somewhat complicated and various formal modifications are required for 
application here. However it is perhaps worth remarking that the precision 
of the results seemed to depend rather more on the behavior of K(s) near f 1 
than on the smoothness of its behavior in the interior of the interval, although 
the earlier results showed a close parallel between the condition of smoothness 
throughout the interval and the precision of the error terms. 
8. Titchmarsh constructed a function K,(t) such that 
H,(x) = 11 ezt K,(t) dt 
has an infinity of negative real zeros. The construction can be adapted as 
follows to show that Y(x) can have an infinity of negative real zeros. 
As in Titchmarsh’s example let 0 < 0 < 4, 0 < 6 < 0(1 - 0), 
and K,(t) = 0 elsewhere. Let t.~,, = S-ne-c”, c > 2, so that 
is convergent and therefore K,(t) is integrable. Suppose further that a0 = c 
and 6 < I/a. Then by Titchmarsh’s calculations 
(- 1)" Hl(_ a") > ,-2a"e"{1 _ ~eaw"c2-l/s, _ ~eke"(2-ae,} 
> Qe-2aW" 
for n sufficiently large. 
Now put s = 1 - t, K(s) = K,(t), and eZEZ(z) = H,(z) in (2.1) (so that 
a = 0, b = 1 > 0). Then 
(- l),+lY(- a”) = (- I)n{eanH1(- a”) - 1 + e-““} 
> 4 ea*Yi-2e~) _ 1 _ e-~n > 0 
for n sufficiently large, and so Y(X) = 0 at least once in each interval 
- &+l < x < - an for all large n. 
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